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in some metric space, with the metric tensor being computed based on hierarchical a pos-
teriori error estimates. A global hierarchical error estimate is employed in this study to
obtain reliable directional information of the solution. Instead of solving the global error
problem exactly, which is costly in general, we solve it iteratively using the symmetric

2/15515;0 GauR-Seidel method. Numerical results show that a few GS iterations are sufficient for

65N30 obtaining a reasonably good approximation to the error for use in anisotropic mesh adap-

65N15 tation. The new method is compared with several strategies using local error estimators or
recovered Hessians. Numerical results are presented for a selection of test examples and a
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1. Introduction

Anisotropic mesh adaptation has proved to be a useful tool in numerical solution of partial differential equations (PDEs).
This is especially true when problems arising from science and engineering have distinct anisotropic features. The ability to
adapt the size, shape, and orientation of mesh elements according to certain quantities of interest can significantly improve
the accuracy of the solution and enhance the computational efficiency.

Criteria for an optimal anisotropic triangular mesh were already given by D’Azevedo [1] and Simpson [2] in the early
nineties of the last century. A number of algorithms for automatic construction of such meshes have since been developed.

A common approach for generating an anisotropic mesh is based on generation of a quasi-uniform mesh in some metric
space. A key component of the approach is the determination of an appropriate metric often based on some type of error
estimates. Unfortunately, classic isotropic error estimates do not suit this purpose well because they generally do not take
the directional effect of the error or solution derivatives into consideration. This explains the recent interest in anisotropic
error estimation; for example, see anisotropic interpolation error estimates by Formaggia and Perotto [3], Huang [4], and
Huang and Sun [5]. Such error estimates for numerical solution of PDEs can be found, among others, in works by Apel
[6], Kunert [7], Formaggia and Perotto [8], and Picasso [9].
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It is worth pointing out that most existing anisotropic error estimates are a priori, requiring information of the exact solu-
tion of either the underlying problem or its adjoint, which is typically unavailable in a numerical simulation. A widely-used
approach of avoiding this difficulty in practical computation is to replace the information by one recovered from the ob-
tained numerical approximation. A number of recovery techniques can be used for this purpose, such as the gradient recov-
ery technique by Zienkiewicz and Zhu [10,11] and the technique based on the variational formulation by Dolejsi [12]. Zhang
and Naga [13] have recently proposed a new algorithm to reconstruct the gradient (which can also be used to reconstruct the
Hessian) by fitting a quadratic polynomial to the nodal function values and subsequently differentiating it. It has been shown
by Zhang and Naga [13] and by Vallet et al. [14] that the latter is robust and works best among several recovery techniques.
Generally speaking, recovery methods work well when exact nodal function values are used but may lose some accuracy
when applied to finite element approximations on non-uniform meshes. Nevertheless, the optimality of mesh adaptation
based on those recovered approximations can still be proven under suitable conditions, see Vassilevski and Lipnikov [15].
More recently, conditions for asymptotically exact gradient and convergent Hessian recovery from a hierarchical basis error
estimator have been given by Ovall [16]. His result is based on superconvergence results by Bank and Xu [17,18], which re-
quire that the mesh be uniform or almost uniform.

The objective of this paper is to study the use of a posteriori error estimates in anisotropic mesh adaptation. Although a
posteriori error estimates are frequently used for mesh adaptation, especially for refinement strategies and recently also for
construction of equidistributing meshes for numerical solution of two-point boundary value problems by He and Huang [19]
as well as in connection with the moving finite element method by Lang et al. [20], up to now only few methods for their use
in anisotropic mesh adaptation have been published. For example, Cao et al. [21] studied two a posteriori error estimation
strategies for computing scalar monitor functions for use in adaptive mesh movement; Apel et al. [22] investigated a number
of a posteriori strategies for computing error gradients used for directional refinement; and Agouzal et al. [23] proposed a
new method for computing tensor metrics provided that an edge-based a posteriori error estimate is given. Moreover,
Dobrowolski et al. [24] have pointed out that error estimation based on solving local error problems can be inaccurate on
anisotropic meshes. This shortcoming of local error estimates can be explained by the fact that they generally do not contain
enough directional information of the solution, which is global in nature, and that their accuracy and effectiveness are sen-
sitive to the aspect ratio of elements, which can be large for anisotropic meshes. We thus choose to develop our approach
based on error estimation by means of globally defined error problem. To enhance the computational efficiency, we employ
an iterative method to obtain a cost-efficient approximation to the solution of the corresponding global linear system.
Numerical results show that a few symmetric Gauf3-Seidel iterations are sufficient for this purpose. This is not surprising
since the approximation is used only in mesh generation and it is often unnecessary to compute the mesh to a very high
accuracy as for the solution of the underlying differential equation. Numerical experiments also show that the new approach
is comparable in accuracy and efficiency to methods using Hessian recovery. We also test it with a more challenging exam-
ple: a heat conduction problem for a thermal battery with large and orthotropic jumps in the material coefficients.!

The outline of the paper is as follows. In Section 2, the new framework of using a posteriori hierarchical error estimates for
anisotropic mesh adaptation in finite element approximation is described. In Section 3, the optimal metric tensor based on
the interpolation error is developed. Several implementation issues are addressed in Section 4. Numerical results obtained
with the new approach and with Hessian recovery-based methods are presented in Section 5 for a selection of test examples.
Numerical results for the heat conduction problem are given in Section 6. Finally, Section 7 contains conclusions and
comments.

2. Model problem and adaptive finite element approximation

In this section, we describe a new framework of using a posteriori hierarchical error estimates for anisotropic mesh adap-
tation in finite element approximation.

2.1. Model problem and finite element approximation

Consider the boundary value problem of a second-order elliptic differential equation. Assume that the corresponding var-
iational problem is given by

P) { Find u € V such that
au,v) =F(v) YveV,
where V is an appropriate Hilbert space of functions over a domain Q € R?, a(-,-) is a bilinear form defined on V x V, and F(-)

is a continuous linear functional on V. The finite element approximation u; of u is the solution of the corresponding varia-
tional problem on a finite dimensional subspace V, c V, i.e,,

P {Find u, € Vy, such that
" a(uy, vy) = F(vy) You € Vi

T A Sandia National Laboratories benchmark problem.
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If the bilinear form a(-, -) is coercive and continuous on V, both variational problems (P) and (P,) have unique solutions. The
finite dimensional subspace V, is often chosen as a space of piecewise polynomials associated with a given mesh, say 7, on
Q. The variational problem (Py) results in a system of dim(V},) linear algebraic equations.

2.2. Adaptive linear finite element solution

In this work we consider a linear finite element method, where V is taken as H'(Q) and V;, is the space of continuous,
piecewise linear functions over 7.

Let Tﬁ? (i=0,1,...) be an affine family of simplicial meshes on Q and V}f) the corresponding space of continuous, piece-
wise linear functions. The adaptive solution is the result of an iterative process described as follows.

We start with an initial mesh 7’ }10). On every mesh 7 ;f) we solve the variational problem (P;,) with V;") and use the obtained
approximation uﬁ) to compute a new adaptive mesh for the next iteration step. The new mesh 7 ;f*” is generated as an almost
uniform mesh in a metric space with a metric tensor M;f) defined in terms of u}f). This yields the sequence

(TOV0) — ) — MO — (100 ) ) .

The process is repeated until a good adaptation is achieved. An example of such adaptive meshes is shown in Fig. 1.

Typically, the metric tensor M, depends on the Hessian of the exact solution of the underlying problem [3,25], which is
often unavailable in practical computation. The common approach to avoid this difficulty is to recover an approximate Hes-
sian from the computed solution. We consider here an alternative approach, which uses an a posteriori error estimator for
defining and computing M;,.

2.3. Mesh adaptation based on a posteriori error estimates

Let R, be a reconstruction operator applied to the numerical approximation u,. It can be either a recovery process, a
smoothing operator, or an operator connected to an a posteriori error estimate. We assume that the reconstruction R,uy
is better than u;, in the sense that

[IRnttn — u]| < Bllup — ul| (1)

for a given norm || - ||, where 0 < 8 < 1 is a constant.
From the triangle inequality we immediately have

1
[~ unll < 35 IRnttn — unl. (2)
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(a) Surface plot. (b) The corresponding adaptive mesh.

Fig. 1. An example of anisotropic mesh adaptation for the test function u(x,y) = tanh(60x) — tanh(60(x — y) — 30): surface plot (a) of the function on an
adaptive mesh (b) obtained with the use of the exact Hessian.
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If the reconstruction R, has the property
Ith Uh = Uy VZ/h S Vh (3)

for some interpolation operator I, we can bound the finite element approximation error by the (explicitly computable) inter-
polation error of the reconstructed function Ryuy, viz.,

1 1
[[u—up < 15 [[Rntt, — up|| = =5 |[Rnttn — InRnun]|. 4)

Moreover, from the interpolation theory we know that the interpolation error for a given function » can be bounded by a
term depending on the triangulation 7, and derivatives of 7, i.e.,

v —Ihvl|l <C-&(Th,v), (5)
where C is a constant independent of 7, and ». Therefore, we can rewrite (4) as
C
([t — up| <ﬂ5(7mRhUh)- (6)

In other words, up to a constant, the solution error is bounded by the interpolation error of Ryu,.
2.4. Hierarchical basis

One possibility to achieve the property (3) is to use the hierarchical decomposition of the finite element space. Let

Vi =Vyo Wy,
where W, is a hierarchical extension gf Vi to V.. Each 7, € V}, has a unique representation 7, = vy, + w;, with v, € V, and
wy, € Wy, If an interpolation operator, I, : V, — V3, can be defined such that

Iwy =0 Yw, € Wy (7)
and if we define R, through

Ryup = up + 2y (8)
for some z;, € Wy, then we shall have the property (3) and the estimate (6). Moreover,

IRnun — InRuttnl = llun + 20 — unll = [1a]l = [|12n — Tnza]|-

Consequently, we can estimate the finite element approximation error by evaluating the interpolation error of z, i.e.,

1 - C
lu—unll < =5 120 — Inznl| < 3=5€(Th.2n). 9)

1-8 B

In the context of a posteriori error estimates, z; is typically taken as a hierarchical basis error estimator.
2.5. A posteriori error estimate based on hierarchical basis

The computation of the error estimator is based on a general framework, details on which can be found among others in
the work of Bank and Smith [26] or Deuflhard et al. [27]. The approach is briefly explained as follows.

Let u; € Vy, be a linear finite element solution of the variational problem (Py,) and let V;, = V;, @ W}, where W), is the linear
span of the edge bubble functions. Obviously, V,, is a subspace of piecewise quadratic functions. Moreover, we can define I, as
the vertex-based, piecewise linear Lagrange interpolation. This interpolation satisfies (7) since the edge bubble functions
vanish at vertices.

Let e, = u — u; be the error of the finite element solution u,. Then for all v € V we have

alep, v) = F(v) — a(up, v). (10)
The error estimate z, is then defined as the solution of the approximate error problem

(En) {Find zy € Wy, such that
" Lazn wa) = Fwh) — a(n, wh)  Ywy € Wi,

The estimate z, can be viewed as a projection of the true error onto the subspace W),. Note that this definition of the error
estimate is global and its solution can be costly. Several solution methods will be discussed in Section 4.

Once z;, is determined, the reconstruction R,uy, is derived from (8). Then, if assumption (1) holds, the finite element approx-
imation error can be controlled by minimizing the interpolation error of z, i.e., the right-hand side in (9). In this paper, we
construct optimal metric tensors with respect to interpolation error estimates £(7,z;,) for the > norm. We assume that
the reconstruction Ryu, = uy, + z,, where z,, is computed from (Ej,), gives a better approximation to u than up, i.e., § < 1in (1).
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3. Metric tensor based on linear interpolation error estimate
3.1. Equidistribution and alignment

Let Q be a polyhedral domain in R? and let 7, be a simplicial triangulation on Q. For every element K € 7T, there exists an
affine invertible mapping Fy : K - K such that K = FK(I?), where K is the reference element. We assume that K has been cho-
sen to be equilateral and have a unitary volume. We denote the Jacobian matrix of Fx by Fj, and the number of elements in 7,
by N.

As mentioned before, we consider an adaptive anisotropic mesh as a uniform mesh in the metric specified by a metric
tensor M. Such a mesh is referred hereafter to as an M-uniform mesh. It can be characterized by shape-orientation and size
requirements on mesh elements; see [28].

Alignment condition (i.e., shape-orientation requirement). The elements of an M-uniform mesh 7, are equilateral in
the metric specified by M. This can be expressed as

1 " ! ! / i
atr((FK)TMKFK> = det ((FK)TMKFK)d VK € Ty, (11)
where My is the average of M on element K, i.e.,

1
My =— | M(x)dx
=R M

The left-hand side term of equality (11) is equal to the arithmetic-mean of the eigenvalues of matrix (Fk)TMKF;( while the
right-hand side term is equal to their geometric-mean. The arithmetic-mean geometric-mean inequality implies that (11)
holds if and only if the eigenvalues of matrix (F;<)TMKF;< are all equal. Element K is equilateral in the metric Mx when it sat-
isfies (11).

Equidistribution condition (i.e., size requirement). The elements of an M-uniform mesh have an equal volume in the
metric M, i.e.,

IK|\/det(My) = % VK € Th, (12)
where
on =Y _ |K|\/det(My).
KeTy

Note that the left-hand side of (12) is equal to the volume of element K in metric M, i.e.,

/ \/det(My) dx = [K|\/det(My).
K

3.2. Anisotropic interpolation error bound for piecewise quadratic functions

Elementwise anisotropic interpolation error estimates are developed in [3,8,5]. Here, we follow the theory in [5]. Consider
the piecewise linear Lagrange interpolation (k = 1) of a piecewise quadratic function » on an arbitrary mesh 7. The ele-
mentwise interpolation error measured in the LY norm (g > 1) is given by

/ ! q
|2 = 12l < CIKI (er ((Fi) " HilF ) )

where Hy is the Hessian of v on the element K, |[Hx| = 1/H1T<HK, Cis a constant independent of 7, and #, and tr(-) denotes the

trace of a matrix. Note that Hy is constant on K since by assumption v is quadratic on the element. Summing over all ele-
ments of 7, provides an upper bound for the global interpolation error

1o~ ol < € 37 IKI(tr( (R IHcIF) ) (13)

KeT)

One may notice that we have used L norm for the error. As we shall see later (cf. (20)), an optimal global error bound in this
norm can be obtained for the non-regularized case. In principle, the same procedure also works for other norms or semi-
norms particularly the H' semi-norm. However, it is unclear that the interpolation error bounds obtained in [5] for other
norms will lead to an optimal global bound for M-uniform meshes.

From this, we can set £(74, v) in (5) to

EThov)= |K\<tr<(F}<)T\HK|F;<)>q. (14)

KeT)
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It has a lower bound as

EThov)=3 |I(\<tr< "|Hk|F, ))

KeTy

q
> d Y [KI(det ((Fy)"[HulFy ) )’ (15)
KeTy
=d'y K| det(|Hx|)*
KeTy
N
= d" 3~ (IK| det(Hl)7) *
KeTy
d+29
> quZaq(Z K| det(HK|)%zq> 7 (16)
KeT,

where we have used the arithmetic-mean geometric-mean inequality in (15) (recalling the trace and determinant of a matrix
are equal to the sum and product of its eigenvalues, respectively) and Hélder’s inequality in (16). If maxger,diam(K) — 0,

where diam(K) denotes the diameter of K, we see that the asymptotic lower bound on &£(7, v) is
d+2q
d

qu*%q< det(|H|)‘fﬁqux> , 17)
Q

which is invariant for all meshes of the same number of elements N. Thus, a mesh on which £(77, v) attains a lower bound
(16) can be considered to be an asymptotically optimal mesh.

3.3. Optimal metric
The optimal metric M is defined such that the interpolation error bound £(7 7, v) defined in (14) attains its lower bound

(16) on M-uniform meshes of N elements associated with M.
We first notice that equality in (15) holds if the M-uniform mesh satisfies

1 / / / ' i
atr((FK)T|HK\FK) = det ((FK)T|H,<\F,<)d VK € T).

Comparing this with the alignment condition (11), a property satisfied by the M-uniform mesh, suggests that M be defined as
MK = GK‘HK|

with some scalar function 0.
Next we notice that equality in (16) holds if the mesh satisfies

K| det(|Hk|)77 :N > K| det(|H )7 % VK T

KeTy

Comparing this to the equidistribution condition (12), another property satisfied by the M-uniform mesh, yields
det(My) = det(|Hk|)75.
This condition can be used for determining 6x. Thus, we obtain the optimal metric tensor as
My = det(|Hy|) @ |Hc| VK € T). (18)

The interpolation error bound (14) attains its lower bound (16) on any M-uniform mesh associated with this metric tensor.
From (13) we obtain

d+2q

dq
|9~ ]l < ON (2 K] det(%)ﬁ) (19)
KeTy
d+2q
~ N < / det(\H\)dqudx> “
Q
— CN7H|[{/det(H))|| & (20)
Ld+2q(Q)

for any M-uniform mesh associated with the metric tensor (18). Bound (20) has been obtained in [5] for ¢ = 2 and obtained
and shown to be optimal in [29] for general ¢ > 1
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The metric tensor defined by (18) is not necessarily positive definite since both |Hx| and det(|Hk|) can vanish locally. To
avoid this difficulty, the error bound is regularized with a positive parameter oy, i.e.,

0=t < € 3 I (er((F) lont + i) ) = ot S 1K1 (oe (5" 1kl ) ) @1)

KeTy KeT)y

Using the same procedure as above, by minimizing the above (regularized) error bound we obtain the optimal metric tensor
as

1
My = det (1 T |H1<|> o (I—s—al\H,d) VK € Th. (22)
h

The regularization parameter plays a role of controlling the intensity of mesh adaptation. Indeed, as o, — 0o, Mg — I and a
uniform mesh results. On the other hand, as o, — 0, the mesh adaptation is increasingly reliant on |[Hk|. To balance between
these situations, we follow [5] and define «;, through the algebraic equation

3 \/det(M)|K| = 2m55 0

KeT),

or equivalently

L
> det <I+—\HK|>d K| = gmax{1i%) 12|, (23)

KeT,

where the factor 2™*17% has been used so that lower and upper bounds can be obtained for o;; see (24) and its derivation
below. With this definition, about half of the mesh elements are concentrated in regions where det(M) is large [5]. More-
over, M is invariant under a scaling transformation of .

Eq. (23) has a unique solution since its left-hand side is monotonically decreasing with o, increasing (assuming that |H|
is not all zero for all elements of 7,), and tends to +oco (which is greater than the right-hand side) as o, — 0 and |Q| (which is
less than the right-hand side) as o, — co. Moreover, it can be solved using a simple iteration scheme such as the bisection
method. Furthermore, lower and upper bounds on o, can be obtained,

_di2g 2q

1
{(zmxzd%ﬂn 1) jel Y det |H,<\)uq|1<| <u< g ZIHK“"IKI} : (24)

KeTy KeTy

Indeed, from (23) we have

q

zmax{l d+2q}‘Q‘ Z det <I+ ‘HK|> ‘K‘ < Z

KeTy, KeT),

\HK\ \K\ > (1+oy HH1<||)d filK|

KeTy

d __dg_ d
LAY (1+och“quH1<||d+m>u<| 2mOatty ! (mwz |H,<|ﬁ1<>.,

KeTy KeTy
which leads to the right inequality of (24). On the other hand,
_a_ __dg_
2‘"3"“-%}\9\ > Z (1 + o, det(\HK\))df”\K\ > 25! Z (1 + o, © det(\H,(\)dL> K|

KeTy KeTy
I *% 4
=205 Q]+ 0, ™Y " det(|Hg|)7=[K] |,
KeTy

which gives the left inequality of (24).
The interpolation error bound for a corresponding M-uniform mesh can be obtained as follows. From (21) and using the
equidistribution and alignment conditions we have

q
d

q q 1 d\inq 1 s \T v d q 1 s \T /
10~ Ivllfy g < Coff > |K| det I+ 5 Hd atr((FK) MKFK) = Cof 3 [K| det(My)* det ((FK) MKFK>

KeTy KeTy

q
= Col Y K| det(M)* <|1<\ det(MK)) — cuINHo 1

KeT),

For oy, defined in (23), o, = 2max{1‘d%q’|§2|. Combining this with (21) we obtain

10— 1000y < CN oty (25)
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In our computation we use the mesh generation software bamg (bidimensional anisotropic mesh generator developed by Hecht
[30]) to generate new adaptive meshes for a given metric tensor M. Note that bamg requires that the metric tensor be further
normalized such that all elements have a unitary volume in the metric. Thus, in actual computation we use a normalized
metric tensor

1
_on 1 RV
MK—(N) det<l+a—h|H1<\> <I+a—h\HK|>, (26)

where N is the desired number of mesh elements and
9
42
op = Z |K| det(M) I Z |K|det <I+ |H,<|> q.
KeTy KeT),

It is remarked that the metric tensor can also be normalized using a prescribed error level; see [25].

4. Computation of the metric tensor and anisotropic meshes

We discuss here some implementation issues for two-dimensional problems.

The computation typically starts w1th a coarse regular Delaunay mesh of the domain and a desnred number of mesh ele-
ments, N. For a given trlangular mesh T at step i, we compute the numerical approximation u ) with a standard linear finite
element method. Based on u ) and T 0 , we then compute zh as an approximation to the solutlon of the approximate error
problem (E;). Once z,(f has been obtamed it is straightforward to compute its elementwise Hessian and define the new met-
ric tensor M according to (22),

-1
i e (v L)) (v )

where the error 15 measured in the *-norm, i.e., ¢ = 2. A new mesh is generated with bamg according to the metric tensor
MY = ( /N) ). The process is repeated until a good adaptation (see discussion below) is achieved.

4.1. Mesh quality measure

In order to characterize the mesh adaptation quality and to define an appropriate stopping criterion for the mesh adap-
tation process, we introduce the alignment and equidistribution quality measures [4]

d
20d-1)

_ tr( (Fi) MYF
Q(all)i(K): ( - : ) %
ddet ( (i) M{Fy)
and
, NOIK] - \/det (M)
QQ(K) = G :

Ty
which characterize how closely the mesh satisfies the alignment and equidistribution conditions (11) and (12), respectively.

Using MY Q and QE’;, the estimate (21) can be reformulated as

|2 = 19|90y < Cof) (Z |1<|< (F}<) [ +%HK|}F;(>>Q>E
KeT,
= v (o) (50 w7 (o) () =t (o) P,

KeTy

Qi = L]()KZT: ‘K|\/W(Qah( ) (Qh) T
h KeTp

is the overall mesh quality measure and takes into account both the shape and the size of elements. Since Q,; and Q.q appear
in Qs as a product, their effects are not independent but compensate for each other. As a consequence, the mesh can have a
good overall quality when small elements are shaped worse than large elements or well-aligned elements are worse shaped

where
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than worse aligned elements. Note that Qg;, Qeq, Qmesn = 1; and Qg = Q¢g = Quesn = 1 if and only if the underlying mesh is
M-uniform (cf. (25)).
In the following numerical tests, the mesh adaptation process is stopped when

Qﬁ,?esh < 1 + €Emesh,

where €5, 1S a tolerances chosen as €., = 0.1 in our computation.

4.2. Computation of the error estimator

A key component of the procedure is to find the solution z, of problem (E,,). Note that (E;) is a global problem and finding
its exact solution can be as costly as for computing a quadratic finite element approximation to the original PDE problem.
Three approaches are considered here for solving or approximating (Ej).

Edge-based error estimator. The expense of the error estimation can be significantly reduced, if the bilinear form a in
(Ep) is replaced by an approximation a that allows a more efficient solution of the resulting linear system. A very efficient
approach in two dimensions is to reduce the original problem to a series of local error problems which are defined over
two elements sharing a common edge and can be solved efficiently. The approach is equivalent to the application of one Ja-
cobi’s iteration (starting from zero) to the linear system resulting from the global error problem, i.e., to the replacement of
the stiffness matrix resulting from (Ej) by its diagonal. This approach has been successfully used in finite element compu-
tations [27,31,20]. Moreover, it has been shown [27] that such an error estimator is spectrally nearly equivalent to the ori-
ginal one under suitable conditions.

Despite its success in isotropic mesh adaptation, the approach does not seem to work well for anisotropic mesh adapta-
tion. This may be explained by the fact that estimators based on local error problems generally depend on the aspect ratio of
elements and can become inaccurate when the aspect ratio is large, a case that is often true for anisotropic meshes. More-
over, such estimators may not contain enough directional information of the solution which is global in nature and essential
to the success of anisotropic mesh adaptation.

Node-based error estimator. This approach is similar to the edge-based error estimator, with the error estimator being
obtained by solving a series of local error problems defined on node patches with homogeneous Dirichlet boundary
conditions.

Inexact solution of the full error problem. In this approach the full error problem is kept but only an approximation to
its exact solution is sought and used for the computation of the metric tensor. In our experiments, a few symmetric Gaul3—-
Seidel iterations are employed to obtain such an approximation. In the following computation, Gauf3-Seidel iterations are
repeated until the relative difference of the old and the new approximations is under a given tolerance GS-RTOL.

It is noted that globally defined error estimators have the advantages that they are often independent of element aspect
ratio and contain more directional information of the solution. Moreover, it is known [24] that the full hierarchical basis er-
ror estimator is efficient and reliable for anisotropic meshes.

Numerical comparison among these approaches is given in the next section.

5. Numerical examples

In this section, we present some numerical results for a selection of two-dimensional problems with an anisotropic
behaviour. We first compare different approaches in solving the error problem (E;) and then the new method with some
common Hessian recovery methods. At the end of the section, we give further examples to demonstrate the ability of the
method to generate appropriate anisotropic meshes.

Convergence is illustrated by plotting the finite element solution error against the number of elements. We use the
[?-norm for the error because the monitor function My is optimized for this norm. For the inexact solution of the full error
problem, GS-RTOL = 0.01 is chosen as a relative tolerance for the iterative Gaul8-Seidel approximation.

5.1. A first example

Consider the boundary value problem

{—Au:f in Q,

27
u=g on 9Q (27)

with Q = (0,1) x (0, 1). The right-hand side f and the Dirichlet boundary conditions are chosen such that the exact solution is
given by
u(x,y) = tanh(60x) — tanh(60(x — y) — 30).

The solution exhibits a strong anisotropic behaviour and describes the interaction between a boundary layer along the x-axis
and a shock wave along the line y = x — 0.5. A solution plot is given in Fig. 1(a).
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Fig. 2. Example 5.1: a comparison of the error for adaptive finite element solutions obtained with mesh adaptation controlled by the reduced and full error
estimators.

Reduced vs. full error estimators. As mentioned in Section 4, on anisotropic meshes, there can be a significant difference
in accuracy between estimators obtained by solving localized error problems and those obtained by means of a globally de-
fined error problem. In our first test, we investigate the influence of the three error estimators described in the previous sec-
tion on mesh adaptivity.

Results for the error of the adaptive solution against the number of elements are presented in Fig. 2.

As expected, the full error estimator works best, leading to a smaller error than those obtained with local error estimators.
The node-based error estimator works better than the edge-based error estimator, mainly because it involves more elements
and, in this sense, is more global.

The same observation can also be made from Fig. 3, where adaptive meshes obtained with the error estimators are shown.
For these mesh example, the desired number of mesh elements N in the normalized metric tensor given by (26) has been set
to 600. All methods produce correct mesh concentrations, although mesh alignment and orientation are different. In the
